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Abstract. We study the homotopy category of unbounded complexes with 
bounded homologies and its quotient category by the homotopy category of 
bounded complexes. We show the existence of a recollement of the above 
quotient category and it has the homotopy category of acyclic complexes as a 
triangulated subcategory. In the case of the homotopy category of finitely gen- 
erated projective modules over an Iwanaga-Gorenstein ring, we show that the 
above quotient category arc triangle equivalent to the stable module category 
of Cohen-Macaulay T2(-R)-modules. 
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0. Introduction 

Let A be an abelian category, and B its an additive full subcategory. We consider 
the homotopy category K°°' h (B) of unbounded complexes with bounded homologies, 
its subcategories 



K h (B) ► K-' b (B) 



K + - h {B) ► K°°' b (B) 

and the homotopy category K°°' (£>) of acyclic complexes, that is, complexes with 
null homologies. The homotopy categories K +,b (S) and K~ ,h (B) are basically im- 
portant when we study bounded derived categories using the category of injective 
objects and the one of projective objects. The quotient category (K~' b / K b )(B) of 
K" b (S) by K h (B) is closely related to various stable categories in representation 
theory ([H2], [Rd], [Bu]). The derived categories are originally defined by quotient 
categories of homotopy categories. But in the situation that we actually deal with 



1991 Mathematics Subject Classification. 18E30, 18G35, 16G99. 

1 



2 



OSAMU IYAMA, KIRIKO KATO AND JUN-ICHI MIYACHI 



a derived category, we often realize it as a subcategory of a homotopy category 
which is an opposite part of the homotopy subcategory of null complexes. This 
structure of subcategories in a triangulated category is called a stable t-structure, a 
torsion pair, a semiorthogonal decomposition, Bousfield localization and so on (see 
e.g. [Mil]). 

Definition 0.1. Let V be a triangulated category. A pair (U,V) of full subcate- 
gories of T> is called a stable t-structure in T> provided that 

(a) U = YU and V = £V. 

(b) Homx>(W,V) = 0. 

(c) For every X g V, there exists a triangle U ->■ X ->■ V" -> EC/ with U eU 
and V e V. 

In this case, W and V are full triangulated subcategories of which the isomorphic 
closures are thick subcategories in V. In this paper, using this notion we study 
triangulated full subcategories of (K°°' b / K b )(£>). First we show that if A has 
enough injective (resp., projective) objects, then 

(K°°' (£), (K+' b / K h )(B)) and ((K+< b / K b )(£), (K~' b / K h )(B)) 

(resp., ((K+' b / K h )(B), (K- b / K b )(£)) and (K- b (£), (K°°< / K h )(B))) 

are stable t-structures in (K°° ,b / K h )(B), where B is the category lnj.4 (resp., 
Proj.4) of injective (resp., projective) objects (Theorem 2.4). This condition corre- 
sponds to TTF theory in an abelian category. Hence we have the recollemcnt 

i* 3\ 

( K *,b J K b )(S) \ (K°°< b / K h )(B) i\ (K°°' b / K*' b )(£) 

' i' 3* 

where * = + (resp., — ). In particular, we have the following triangle equivalences. 

Theorem 0.2. Let A be an abelian category with enough injectives, A' an abelian 
category with enough projectives, then we have a triangle equivalences 

(K°°< b / K+' b )(lnj A) ^ (K~< b / K b )(lnj A) ~ K°° J (lnj A) 

(K°°> b /K- >b )(Proj>t') ~ (K+^ b /K b )(Proj^') ~ K°°' (Proj A') 

Let us introduce the following key notion in this paper. 

Definition 0.3. Let V be a triangulated category, and let U, V, W be triangulated 
full subcategories of T>. We call (U, V, W) a triangle of recollements in T> if (U, V), 
(V, W) and (W, W) are stable t-structures in V. 

If (W, V, W) is a triangle of recollements, all the relevant subcategories and quo- 
tient categories U, V, W, V/li, V/V and V/W are equivalent. 

We observed a triangle of recollements in a quotient homotopy category of an 
Iwanaga-Gorenstein ring. Such strong symmetry was never reported before. In the 
forthcoming paper [IKM] , we will study an n-gon of recollement in general. 

The following class of rings is the main object of this paper. 

Definition 0.4. We call a ring R Iwanaga-Gorenstein if it is Noetherian 1 with 
idiniR R < oo and idimi?^ < oo [Iw]. Moreover, we say that R has a two-sided 



All our results on Iwanaga-Gorenstein rings except those in Section 5 are valid also for coherent 
rings with idimfl R < oo and idimi?R < oo 
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injective resolution if there is an i?-bimodule complex V which is an injective res- 
olution of R as right i?-modules and as left i?-modules. 

We have the following stronger statement for A = mod R, which is our first main 
result in this paper (Theorems 2.7, 5.6). 

Theorem 0.5. Let R be an Iwanaga-Gorenstein ring. Then we have a triangle of 
recollements 

(K+' b / K b )(proj R), (K- b / K b )(proj R), K°°' (praj R)) 

in (K°° :b / K b )(proj R). If R has a two-sided injective resolution, then we have a 
triangle of recollements 

(K+' b / K b )(Proj R), (K-' h / K b )(Proj R), K°°' (Proj R)) 
in (K°°' b /K b )(Proji?). 

Definition 0.6. For an Iwanaga-Gorenstein ring R, define the category of Cohen- 
Macaulay R-modules 2 and large Cohen- Macaulay R-modules by 

CMR := {X G mod R | Ext^(X, R) = (i > 0)}, 

LCM R := {X e Mod R | Ext l fl (X, Proj R) = (t > 0)}. 

In the representation theory of algebras, the category CM R is important from 
the viewpoint of (co)tilting theory [ABr, ABu, AR1, AR2]. It is well-known that 
CM R forms a Frobenius category with the subcategory proj R of projective-injective 
objects, and the stable category CMi? forms a triangulated category [HI]. By a 
result of Happcl [H2] , there exists a triangle equivalence 

CJVIi? ~ (K~' b / K b )(projfi), 

which was shown by Rickard [Rd] for sclf-injective algebras and by Buchwcitz [Bu] 
for commutative Gorenstein rings. Recently this category was studied by several 
authors motivated by string theory (e.g. [01], [02]). In this paper, we give a 
same type of description of this category. We denote by T m (R) an m x m upper 
triangular matrix ring over R. Our second main result is the following (Theorems 
4.8, 5.11). 

Theorem 0.7. Let R be an Iwanaga-Gorenstein ring. Then so is T 2 (R), and there 
exists a triangle equivalence 

CM T 2 (R) ~ (K°°' b / K b )(proj R). 

If R has a two-sided injective resolution, then there exist triangle equivalences 

LCM T 2 (R) ~ (K°°' b / K b )(Proj R) ~ (K°°' b / K b )(lnj R). 

This is proved by using the above triangles of recollements in (K°°' b / K b )(proj R) 
and (K°°' b /K b ) (Proj R). 

Moreover, we study the case of a Frobenius category T with the additive sub- 
category V of pro jective- injective objects. Then we can apply results of K°°' h (B) 
to this case. According to Theorem 0.2, we have triangle equivalences 

(K+- h /K h )(V,T) ~ (rO b /K b )0P,.F) ~T 

Mor c (J-) ~ Mor m (J-) ~ (K 00 ^ / K h )(T, J"). 

2 In the representation theory of commutative rings [Y] and orders [CR, A2], there is another 
notion of Cohcn-Macaulay modules (sec [I]). These two concept coincide for the Gorenstein case. 
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Conventions For a ring R, we denote by Modi? (resp., modi?) the category 
of right (resp., finitely presented right) i?-modules, and denote by Proji? (resp., 
Inj i?, proj i?) the additive full subcategory of Mod i? consisting of projective (resp., 
injective, finitely generated projective) modules. For right (resp., left) i?-module 
Mr (resp., rN), we denote by idimAfR (resp., idimij./V) is the injective dimension 
of Mr (resp., rN), and denote by pdimM^ (resp., pdim^iV) is the projective 
dimension of Mr (resp., rN). For a triangulated category, we denote by E the 
translation functor. 

For an additive category £>, we denote by C(£>) the category of complexes over 
B, and by K(B) (resp., K+(B), K~(B), K b (B)) the homotopy cate gory of complexes 
(resp., bounded below complexes, bounded above complexes, bounded complexes) 
of B. When B is a full subcategory of an abelian category, we denote by K°°' b (£) 
(resp., K+' b (£) , K~' b (£)), the full subcategory of K(S) (resp., K + {B) , K"(fi)) 
consisting of complexes with bounded homologies, and by K°° ,0 (£>) the homotopy 
category of acyclic complexes, that is, complexes with null homologies. For a com- 
plex X = {X 1 , d l ), we define the following truncations: 

r> n X : > -> X n -I- X n+1 -> X n+2 -+ ■ ■ ■ , 

r< n X : > X n - 2 -> X 11 - 1 -»• X n ->• -> • • • . 

For an object M in an additive category B, we denote by Add M (resp., add M) 
the full subcategory of B consisting of objects which are isomorphic to summands 
of (resp., finite) coproducts of copies of M. 

For an abelian category A, we denote by lnj„4 (resp., Proj„4) the category of 
injective (resp., projective) objects of A, and denote by D(A) (resp., D (A)) the 
derived category of complexes (resp., bounded complexes) of objects of A. 

Acknowledgement We would like to thank Professor B. Keller and Professor H. 
Krause for helpful conversations and correspondences. 

1. Stable t-structures and recollements 

We recall the notion of (co)localizations and recollements and study the rela- 
tionship with stable t-structures. This correspondence enables us to understand 
(co) localizations and recollements by way of subcategories instead of quotient cat- 
egories. Indeed, Proposition 1.2 and Corollary 1.4 show that a (co)localization 
induces a stable t-structure, and vice versa. So the notion of (co) localizations 
is tantamount to that of stable t-structures. A recollement is a combination of 
a localization and a colocalization. In Proposition 1.8 we see that a recollement 
corresponds to two consecutive stable t-structures. Even more symmetric situa- 
tion a triangle of recollements consists of three consecutive and recursive stable t- 
structures (U, V), (V, W), and (W,U). Obivously we obtain three recollements from 
a triangle of recollements in Proposition 1.10. Whenever we have a triangle of rec- 
ollements, all the relevant subcategories and the quotient categories are equivalent. 
Moreover, we study a triangle functor between triangulated categories equipped 
with stable t-structures. It is natural to ask when a functor respects localizations 
(colocalizations, recollements etc.), in other words, whether it is commutative with 
quotient functors and their adjoint functors. The condition is simply given by sta- 
ble t-structures (Lemma 1.8 and Corollary 1.10). The upshot is Proposition 1.16: 
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a triangle functor which respects a triangle of recollements is an equivalence if its 
restriction to some subcategory is so. 

First we see that a (co) localization and a stable t-structure essentially describe 
the same phenomenon, using the similar methods for recollements [BBD]. 

Definition 1.1. Let i* : T> — » V be a triangle functors between triangulated 
categories V and V . 

(1) If i* has a fully faithful right adjoint : V — > V, then i* or a diagram 

V ~ ' V is called a localization of V. 

(2) If i* has a fully faithful left adjoint i\ : T>' — > V, then i* or a diagram 
V' ' V is called a colocalization of 2?. 

Proposition 1.2 ([Mil]). Let V be a triangulated category. 

I Let (U, V) fee a stable t-structure in T>. Then we have the following: 

(1) The canonical embedding functors i* : U — > I? and j* : V — > I? /lave 
a n<?/rf adjoint v : V — > W and a ie/t adjoint j* : T> — > V respectively 

such that Kerr = V and Ker j* = In particular, U ' V is a 

J* 



colocalization and T> V *s a localization ofD. 

3- 

(2) TTie adjunction arrows i*v — > lj, and 1-p — > j*j* give a triangle 
i*vX — > X — > j*j*X — > Hi^rX for each X £ T>. 

(3) r and j* induce triangulated equivalences V/V ~ U and V/U ~ V 
respectively. 

II (4) If V _ V' is a localization of a triangulated category V, then 

i* 

(Keri*, Imi») is a stable t-structure in V. In particular, i* induces 
an equivalence V/Keri* ~ V . 

i\ 

(5) If V' t _ V is a colocalization of a triangulated category V , then 

i* 

(Imii,Keri*) is a stable t-structure in V. In particular, i* induces an 
equivalence V/Keri* ~ V . 

Definition 1.3. A sequence of triangle functors between triangulated categories 

i, j* 



V' ~ V ~ V" 

i- j* 

is called a localization exact sequence if it satisfies the following: 

j* i, 

(a) V _ V" is a localization and £>' ~ ' V is a colocalization of V. 

j, i' 

(b) there are canonical embeddings Imi» Kerj* and Imj„ '—t Kerr which 
are equivalences. 
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If this is the case, (Ker j*, Imj*) = (Imi*,Kerr) is a stable t-structure in V by 
Proposition 1.2(4)(5). 

Any (co) localization is completed as a localization exact sequence, which is an 
easy application of Proposition 1.2. 

f 

Corollary 1.4. (1) If V ~ ' V" is a localization ofV, there exists a local- 

i, j* 

ization exact sequence V' , _ V , ' V" 
j>. 

(2) If D" . _ V is a colocalization of V, there exists a localization exact 

3* 

ji i* ^ 

sequence V" , ' V , ' V 

3* ** 

Proof. (2) is a dual of (1). 

(1) By Proposition 1.2(4), we have a stable t-structure (U, V) for U := Kerj* 
and V := Imj». By Proposition 1.2(1), the inclusion functors i* : U — > T> and 
j* : V — > X> have a right adjoint i ! : D — > W and a left adjoint j* : X> — > V 
respectively such that Kerz ! = V and Ker j* = Thus the conditions (a) and (b) 
are satisfied. □ 

The following proposition tells us how stable t-structures are inherited under 
subcategories and quotient categories. 

Proposition 1.5. Let V be a triangulated category, C a thick subcategory of T>, 
and Q : T> — > V/C the canonical quotient (\Ne2\). For a stable t-structure (14, V) in 
V, the following are equivalent. 

(1) ({Q(U)}, {Q(V)}) is a stable t-structure in V/C. 

(2) (U n C, V n C) is a stable t-structure in C. 

In particular, if C is a triangulated full subcategory ofU (resp., V), we can con- 
sider that V (resp., U) is a full subcategory of V/C, and (U/C,V) (resp., (hi, V/C)) 
is a stable t-structure in V/C. 

Here {Q(U)} is the full subcategory of V/C consisting of objects Q(X) for X e U. 

Proof. (1) => (2). For any B e C, we have a triangle 

A -> B -> C Y.A 

with A e U, C E V. Then we have a triangle Q(A) ->• Q(B) -)• Q(C) -> EQ(^). 
Since Q(B) is a null object in V/C, we have Q(C) ~ T,Q(A) G Q(W) n Q(V). 
Therefore Q(A) and (5(C) are null objects, and hence A E U n C and C G V n C. 
(2) (1). It suffices to show that Eom v/c (Q(X),Q(Y)) = for any X G W, 
y G V. For / G Hom I7/c (Q(X), Q(y)), / is represented by 

X' 

\ / 
X Y 
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where X' A X — >• M — > HX' is a triangle with M G C. By the assumption, there 
exist a triangle L -> M -> N -> such that L eUC\C and AT e V n C. Since 
Honi£>(AT, A 7 ") = 0, we have a morphism between triangles 





Then we have X" 6 W, and / is represented by 

X" 



X 



Therefore ft = 0, and hence / = 0. 

Remark 1.6. In Proposition 1.5, the implication (2) 
thickness of C (see [Ne2]). 



□ 

(1) doesn't need the 



Next let take us back to the notion of a recollement which consists of a local- 
ization and a colocalization. And we recall that a recollement corresponds to two 
consecutive stable t-structures. 

Definition 1.7 ([BBD]). We call a diagram 



V 



V 



of triangulated categories and functors a recollement if it satisfies the following: 
(1) i#, j\, and j* are fully faithful. 



(2) (i* 



and (j*,j*) are adjoint pairs. 



(3) there are canonical embeddings Imji =-> Kcrz*, Imi* =-> Ker j*, and 
Imj* =-> Kerr which are equivalences. 

Proposition 1.8 ([Mil]). 

(1) Let 



V 



V 



V" 



be a recollement. Then (U, V) and (V, W) are stable t-structures in V where 
we put U = Im ji, V = Imi* and W = Im j». 
(2) Lef (W,V) and (V,W) 6e sfa&Ze t-structures in V. Then for the canonical 
embedding i„ : V — > V, there is a recollement 



_^ V j\ V/V 



such that Im ji = U and Im = W. 
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In each cases, every object XofD has triangles 

i*vX j*j*X -> Y,i*rX, 

jlfX -> X -»• iJ*X -> Sj!j*X 

Thirdly, we introduce the notion of a triangle of recollements. A triangle of 
recollements results in strong symmetry. And we mention that as the name shows, 
it implies three recollements. 

Definition 1.9. 3 Let I? be a triangulated category, and let Ui^UiMz be triangu- 
lated full subcategories of P. We call (UijU-zMz) a triangle of recollements in P if 
(Ui,U2), (U2M3) an d (U^Mi) are stable t-structures in P. 

Proposition 1.10. Let P be a triangulated category. Then U2M3) * s a triangle 
of recollements in V if and only if there is a recollement: 

H 3k! 

U k ^ V ^ K V/U k 

i' k 3 k* 

such that the essential image Imj^i is Uk-i, and that the essential image \mjk* 
is Uk+i for any k modn. In this case all the relevant subcategories Uk and the 
quotient categories V/Ukare triangle equivalent. 

Finally we study triangulated functors that respect a given localization (or a colo- 
calization, a recollement, etc.). By virtue of the relationship to stable t-structures, 
they are nothing but those which respect corresponding stable t-structures. 

Definition 1.11. Let Pi and P 2 be triangulated categories and let F : Pi — > P 2 
be a triangulated functor. 

(1) Let (U n , V n ) be a stable t-structures in P„ (n = 1,2). We say that F sends 
(Ui, Vi) to (U 2 , V 2 ) if F(Ui) is contained in U 2 and F(Vi) is in V 2 . 

(2) Let 9 n be localization sequences in P„ (n = 1, 2): 

i n > 3n, 

We say that F sends B\ to f? 2 if there exist triangle functors F 1 : T>[ — > P 2 
and F" : T>'{ — > P 2 that make all the squares in the following diagram 
commutative up to functorial isomorphism. 



*i« »i* 
Pi ~ ^ Vi ~ " V'l 





ii' 


3i, 




F' 




F 


F 




»2» ' 







i 2 - 32, 



3 More generally, (Ui ,U2, ■ ■ ■ , U n ) is called an ra-gon of recollements in T> if (Ui ,Ui+i) is a stable 
t-structure in T> (1 < i < n), where U\ = U n +i (see [IKM]). 
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(3) Let T n be a recollcmcnt in V n (n = 1,2): 

in* 3n\ 
T • T)' 75 jn" 75" 

We say F sends n to t 2 if there exist triangle functors F 1 : T>[ — > 2? 2 
and i 7 "' : 2?" — > £> 2 that make all the squares in the following diagram 
commutative up to functorial isomorphism. 

il* Jl| 



2?i ^ Di 15'/ 



F' 




F 






J2I 



F" 



V' 2 x> 2 v'i 

i 2 - 32, 

(4) Let {U n ,V n ,W n ) be a triangle of recollements in D n (n = 1,2). We say 
that F sends (Wi, Vi, Wi) to (W 2) V 2 , W 2 ) if F(Wi) is contained in W 2 , ^(Vi) 
is in V 2 , and F(Wi) is in W 2 . 

Above definition (2) and (3) look reasonable but complicated. Although com- 
mutativity with inclusion functors automatically implies that with quotients and 
other adjoints. 

Lemma 1.12. Let T>\ and V 2 be triangulated categories and let (U n ,V n ) be stable 
t-structures in V n . Let 

iu„ , ju n * 

@n '■ Un ^ 2?n ^ F) n /U n 

be localization sequences with the canonical embedding functors iu n *> ^ e canonical 
quotient functors jy . Let F : T>\ — > T> 2 be a triangulated functor. 
Then the following are equivalent. 

(1) F sends (Wi.Vi) to (U 2 ,V 2 ). 

(2) F sends 6 X to 9 2 . 

If this is the case, the functors F\ : U\ — > U 2 and F 2 : T>\jU\ — > V2/U2 are 
uniquely determined by F as Fi Ul% = iu 2if F\, Fi3u* = 3u 2 *F, ^lW — W-^> 
Fjux* — 3u 2 *F2- 

Proof. (2) => (1) is obvious. 

(1) => (2). There uniquely exist functors F : V 1 /Ui V 2 /U 2 , F : V 1 /V 1 ->■ 
F> 2 jV 2 that make the following diagram commutative : 

*"i * iwi * 







F 






*"2 * \ 


iw 2 * 


■ 



W 2 ** 2? 2 ** v 2 /u 2 
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*Vi » 3v t * 

Vi "Pi "v 1 /v 1 











F 


F 


■ »v 2 , \ 


3v 2 * ' 





v 2 *" p 2 *■ p 2 /v 2 

where ivi*, ^v 2 » are the canonical embedding functors and j v , jy the canonical 
quotient functors. On the other hand, a right adjoint v u ^ [%' u ^ ) of iu\„ (*w 2 *) 
induces an equivalence e : P1/V1 — > U\ [e! : T> 2 /V 2 — > W2) such that = ej v 
(i'lf 2 — ej V2 ). Define the functor F± : U\ — > U 2 as e' 'F = Fie. Then Fii^ = 
And ^1 = Fi^Ui* = il u 2 Fi Ui* = i'u 2 iu2*F\ Ul = F\ Ul . Similarly, using 
equivalences g : T>\jU\ — > Vi and g' : T> 2 /U 2 — > V2 induced by left adjoints i v , i* v<2 
of «Vi* 5 *v 2 * respectively, we get a functor F 2 : V\/U\ -> V 2 jU 2 as Fj Wl<< = ju 2 *F 2 . 
The functors F 2 and F coincide as well. □ 

We have the following immediate consequence of Lemma 1.12. 

Corollary 1.13. LetVi andT> 2 be triangulated categories and (U n ,V n ), (V n ,W n ) 
be stable t-structures in P„ (n = 1,2). The following are equivalent for a triangle 
functor F : Pi V 2 : 

(1) F sends (Wi.Vi) to (W 2 , V 2 ) and (Vi.Wi) to (V 2 , W 2 ). 

(2) F sends n to r 2 w/iere t„ is a recollement 

in * ! 

V n ^n.. P 2 I J- 1 P 2 /V 2 

mitA a canonical embedding functor i nif and a canonical quotient functor 
j n * (n=l,2). 

If this is the case, triangle functors F' : V\ — > V 2 and F" : P1/V1 — > V 2 /V 2 are 
uniquely determined as Fji, ~ j 2l F", F'ii* ~ i 2 *F, F"ji* = j 2 *F, Fi u = i 2 *F' , 
Fj u ~j 2 ,F", andF'h'- ~ i 2 'F. ' 

*i* in 



F' 



»1 


F ' 31 * 




i2* , 


32\ , 



v 2 ^ p 2 _ j»; p 2 /v 2 

i 2 ! J2» 

In the rest of this section we shall give a useful criterion to show that a triangle 
functor is an equivalence by looking at the restriction to subcategories. We need 
the following preparation. 

Lemma 1.14. If a triangle functor F : Pi — > P 2 sends a stable t-structure (JA\, V\) 
in T>i to a stable t-structure (U 2 ,V 2 ) in V 2 . Then we have the following: 

(1) If F \u x is full (resp., faithful), then Hompj ([/, X) -> Hom P2 (FU, FX) is 
surjective (resp., injective) for U £ Hi and X S T>\. 

(2) If F | Vl is full (resp., faithful), then Uom Vl (X,V) -)■ Homp 2 (FX, FV) is 
surjective (resp., injective) for leDi and V £ V\. 
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(3) If F is full and F \u 1 and F \y 1 are dense, then F is dense. 

Proof. (1) is a dual of (2). 

(2) A given X G T>\ has triangles 

U x -> X -> V x -> Ef7 x 
FC/ X FA ^ FF X -> EFUx 
where {7 X e Wi and V x e Vi. These induce Hom Vl (X,V) ~ Hom^ (V x , V) and 
Homp 2 (FX, FV) ~ Homp 2 (FV X , FV) for V G Vi. Hence surjectivity (resp. in- 
jectivity) of Hom Cl (V x , V") -> Homp 2 (FF X , FV) implies that of Hom Pl (X, V) -)■ 
Homp 2 (FX, FV). 

(3) Let X' be an object of 2? 2 - There is a triangle 

U' x , -s- X' -+ V' X ' A YJJ'x' 

with U' x , G U 2 and V' X ' G V 2 . There exist y G Vi, U G Wi such that FV ~ V, 
FEZ ~ U'. And there exists 3 G Hompj (V, T,U) such that we have a morphism 
between triangles 

FU > FX > FV Fb ) Y.FU 

i 1 > 

U' > X' > V — f —> EC/' 

We have FX ~ X'. □ 

We have the following desired criterion. 

Corollary 1.15. LetT>\, T>2 be triangulated categories. Let (U n ,V n ) and (Vn,W n ) 
be stable t-structures in V n (n = 1,2). Assume a triangle functor F : T>\ — >• V 2 
sends (Ui,Vi) and (Vi,Wi) to (Ui-.V'i) and (V2,W2) respectively. If F \u x and 
F |vi are fully faithful (resp., equivalent), so is F. 

Proof. For given X, Y G T>\ , there is a triangle 

f7x -> X -> V x EZ7x 

where L/x G Wi and F x G Vi. These triangles induce a diagram of abelian groups 
with exact rows and columns 

v 1 (SUx,Y)^ t ■D 1 (V X ,Y)^ T , 1 (X,Y)^ v 1 (U x ,Y)^ v 1 (S- 1 V x ,Y) 

4- 4-4-4- 4- 

T , 2 {FT.V X ,FY) ^ T>2 (FV X ,FY)^ ^(FX.Fy)^ T>2 (FU x , FY) -> ^ 2 (FS~ 1 V x , FY) 

where r> n ( , ) denote Homx> n ( , ). Since Home, (U, Y) — > Homp 2 (Ff7, Fy ) and 
Hom Cl (yy) -)■ Homx> 2 (FV, FY) are bijective for any U G Wi and V G Vi by 
Lemma 1.14(1), so is Hom-p 1 (X,Y) — > Homp 2 (FX, FY) from five-lemma. 

In the case that F \u x and F |v x are equivalences, F is dense by Lemma 1.14(3). 

□ 

As an immediate consequence, we have the following useful result, which will be 
used in the later section. 

Proposition 1.16. Let T> n be a triangulated category, and let (U n ,V n ,W n ) be a 
triangle of recollements in T> n (n = 1,2). Assume a triangle functor F : T>\ — > T> 2 
sends a triangle of recollements (Wi,Vi,Wi) to a triangle of recollements (£/ 2 ,V 2 , 
W2). If F is fully faithful (resp., equivalent), so is F : T>\ — > V 2 . 
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Proof. By Proposition 1.2, Cororally 1.13, it easy to see that F" : T>i/Vi — > V2/V2 
is fully faithful (resp., equivalent), and hence so is F Similarly, we have 

that F is fully faithful (resp., equivalent). Hence we have the statement by 
Lemma 1.14 (3). □ 

2. RECOLLEMENT OF HOMOTOPY CATEGORIES 

In this section, we study recollements of homotopy categories. Let us start with 
the following general observation. 

Proposition 2.1. Let A be an abelian category, and B its additive subcategory. 
Then ((K+' b / K b )(£),(K~' b / K h )(B)) is a stable t-structure in (K°°' b / K h )(B). 

Proof. It is clear that we have 

Hom (K ., b / Kb)(8) ((K+' b / K h )(B), (K- b / K h )(B)) = 

For any X G K°°' b (£>), — > t>iJ — > X — > r<oX — > is a short exact sequence, 
which implies a triangle t>\X — > X — > t< X — >■ Er>iX. Since t>!J G K +,b (23) 
and r< X G K~ ,b (£>), we get the conclusion. □ 

Proposition 2.2. Let A be an abelian category with enough infectives. Then we 
have the following. 

(1) A pair (K°°' (lnj^),K + ' b (lnj^)) is a stable t-structure in K°°' b (lnj^). 

(2) There is a localization exact sequence 



K°°< (lnj„4) K°°' b (lnj^) D°(A) 



3 



for the canonical embedding j\ : K°°' w (lnj„4) -> K°°' ( I n j ^4.) . 

Proof. It is clear that Hom K co,h( h j ^ (K°°' (lnj .4.), K +,b (lnj A)) =0. Given any com- 
plex X G K°°' b (lnj A), there is a complex V x G K + ' b (lnj„4) which has a quasi- 
isomorphism X — ^» Vx- By taking the mapping cone of ex, we have a triangle 
U x ^ X ^ V x -> HUx with U x G K°°' (lnj.4). Then (K°°' (lnj A), 
K +,b (lnj A)) is a stable t-structure in K°°' b (lnj .4.). By Proposition 1.2 and Corollary 
1.4, we are done with the proof. □ 

Dually we have the following observation. 

Proposition 2.3. Let A 1 be an abelian category with enough projectives. Then we 
have the following. 

(1) A pair (KT' b (Proj A'), K°°' (Proj A')) is a stable t-structure in 

K°°' b (Proj^')- 

(2) There is a localization exact sequence 

»• j* 
D h (A') ~ *" K°°' b (Proj A) ~ " K°°' (^') 

i- 3* 

for the canonical embedding j* : K°°' (Proj „4') -> K°°' b (Proj A'), 

Theorem 2.4. 

(1) Lei A be an abelian category with enough infectives. 
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(a) ((K°°^(lnj^),(K + ' b /K b )(lnj^)) and ((K+' b / K b )(lnj A), 
(fO b /K b )(lnj„4)) are stable t-structures in (K°°' b / K b )(lnj A). 

(b) The canonical embedding u : (K+' b / K b )(lnj A) (K°°' b / K b )(lnj A) 
induces a recollement 



(K+' b / K b )(lnj A) _ <« - (K°°' b / K b )(lnj A) A (K°°' b / K+' b )(lnj A) 

such thatlmj, = K°°' (lnj„4) and Imj* = (fO b / K b )(lnj A). 
(2) Let A' be an abelian category with enough projectives. 

(a) ((K+' b /K b )(Proj^') ; (K _ ' b /K b )(Proj^')) and ((K~ :b / K b )(Proj A'), 
K°°' (ProM')) are stable t-structures m (K°°' b / K b )(Proj A'). 

(b) The canonical embedding i„ : (K~' b / K b )(Proj A') — > 
(K°°' b /K b )(Proj.A') induces a recollement 



(K-> b / K b )(Proj A') l * , (K°°' b / K b )(Proj A') j ? (K°°' b / K-> b )(Proj A') 

such that \m 3\ = (K~' b / K b )(Proj A 1 ) andlmj, = K°°' (Proj A'). 

Proof. Immediately from Propositions 2.1, 2.2, 2.3, 1.5. □ 

Corollary 2.5. (1) Let A be an abelian category with enough injectives. Then 
we have a triangle equivalence (K~' b / K b )(lnj A) ~ K°°' (lnj „4). 
(2) Let A' be an abelian category with enough projectives. Then we have a 
triangle equivalence (K+' b / K b )(Proj A') ~ K°°' (Proj A'). 

Proof. (1) According to Theorem 2.4, we have the triangle equivalences 
K°°' (lnj„4) ~ Imj, ~ (K°°' b /K + ' b )(lnj.4) ~ Imj* ~ (K~' b / K b )(lnj A). Similarly 
we get (2). □ 

For Iwanaga-Gorenstein rings, we have one more stable t-structure. 

Lemma 2.6. Let R be an Iwanaga-Gorenstein ring. Then (K°°' (proj R), 
K + ' b (proj R)) is a stable t-structure in K°°' b (proj R). 

Proof. By the assumption, Homjj(- ,R) induces dualities 

K°°< b (proj R) ~ K°°' b (proj R op ), K°°< (proj R) ~ K°°' (proj i? op ) 

K-^ b (proj R) ~ K + ' b (proj R op ), K+' b (proj R) ~ K-< b (proj R op ). 

Hence a stable t-structure (K"' b (proj R°p), K°°' (proj i? op )) in K°°' b (proj R°r) im- 
plies a stable t-structure (K°°< (proj R), K+' b (proj R)) in K°°< b (proj R). □ 

Theorem 2.7. Let R be an Iwanaga-Gorenstein ring, Then 

((K+< b / K b )(proj R), (K- b / K b )(pr 0J R), K°°< (proj R)) 

is a triangle of recollements in (K°°' b / K b )(proj R). In particular, we have triangle 
equivalences 

(K+' b / K b )(proj R) ~ (K~' b / K b )(pr 0J R) ~ K°°< (proj R) 

Proof. According to Lemma 2.6, Proposition 1.5 and Theorem 2.4, we have the 
conclusion. □ 
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3. Cohen-Macaulay modules and the category of morphisms 

Throughout this section let R be an Iwanaga-Gorenstein ring. In this section 
we introduce the category of morphisms between i?-modules [Al], and study the 
relationship with the category of T 2 (i?)-modules. 

Let us recall the following well-known result. 

Proposition 3.1. The following hold. 

(1) CM R = {Z°(X) | X G C(proji?),FF(X) = (i G Z)}. 

(2) CMfl- K°°' (projfl). 

Proof. (1) Let M G CM R, then by Lemma 2.6 there is a complex S G K +,b (proj R) 
such that S is quasi-isomorphic to M. Let C° = Cok(5 _1 — > S* ), then C° has a 
finite projective resolution and Ext l R (C°,R) = for any i > 0. Therefore C° G 
proj R, and we may assume S : — > S° — > S 1 — >• • • • . Hence there is a complex 
X G C(proji?) such that Z°(X) = M and W(X) = (i G Z). 

(2) It is easy to see that the functor Z° : K°°' (proj R) — > CM R is a triangulated 
equivalence. □ 

Definition 3.2. Let B an additive category. We define the category Mor(B) of 
morphisms in B as follows. 

• An object is a morphism a : X — > T in B. 

• A morphism from a : X — > T to /? : X' — > T' is a pair (/, g) of morphisms 
f : X X' and g :T T such that ga = (3f. 

When B = Mod R for a ring i?, this category was studied systematically by 
Auslander [AI] in the representation theory of algebras. For an object a : X — > T 
in Mor(Mod R), we have a T 2 (i?)-module X ® T where the multiplication is given 



For a morphism (/, g) from a : X — > T to /3 : X' — >• T", we have a morphism 
/ 3 : A T -» X' © T' of T 2 ( J R)-modules defined by 



We remark the following observation, where the former statement is well-known 
(see e.g. [Iw]). 

Lemma 3.4. Let R be an Iwanaga-Gorenstein ring. Then so is T 2 (R). 

Now we introduce full subcategories of Mor(Modi?) corresponding to the full 
subcategory CMT 2 (i?) of ModT 2 (.R). 

Definition 3.5. Let R be an Iwanaga-Gorenstein ring. 

(I) Define the full subcategory Mor°(CM R) of Mor(Mod R) consisting of objects 
oi-.X^yT which is surjective and I,Te CM R 4 . 

4 Notice that Ker« 6 CM R holds automatically in this case. 



by 




{f®g){x,t):=(fx,gt) {x G X, t G T). 
We have the following fundamental observation [Al] 
Proposition 3.3. For any ring R, we have an equivalence 

Mor(Modi?) -> ModT 2 (i?). 
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(2) Define the full subcategory Mor m (CM R) of Mor(Mod R) consisting of ob- 
jects a : X — > T which is injective and X, T, Cok a 6 CM R. 

We have the following result. 

Proposition 3.6. 5 

(1) The equivalence in Proposition 3.3 induces an equivalence 

Mor m (CMi?) ~ CMT 2 (i?). 

(2) a i-> cok a and a n> ker a give mutually quasi-inverse equivalences 

kcr 

Mor m (CM R) Mor c (CM R). 



Proof. (1) Under the equivalence Mod T 2 (i?) ->■ Mor(Mod R), any projective T 2 (i?)- 
module corresponds to a split monomorphism a : X — > T of projective i?-modules. 

Assume that an object a : X — > T in Mor(Mod R) corresponds to a Cohcn- 
Macaulay T 2 (i?)-module. By Lemmas 3.4 and 3.1, there exists a commutative 
diagram 

0^ X -> X° -> X 1 

-> M -> M° -> M 1 -> • • • 

of exact sequences such that a 1 : X 1 — > T l corresponds to a projective T 2 (i?)- 
module. Since a 1 is a split monomorphism of projective i?-modules by the remark 
above, we have that a is injective and X, M G CM i?. Moreover we have Cok a 6 
CM i? since we have an exact sequence 

->• Coka -> Coka -> Coka 1 ->•••■ 

with projective i?-modules Coka 2 . 

Conversely let a : X -s- T be an object in Mor m (CM i?). Since X, Coka e CM R, 
there exist acyclic complexes X\ and X3, of which all cocycle are in CMi?, such 
that Z°(Xi) = X and Z°(X 3 ) = Coka. Then we can construct a commutative 
diagram 






















-> 






+ *1 




I" 




I" 1 


-> 


T 








1 




1 


-> 


Coka 


->• *3° 


+ ^3 




; 




1 














of exact sequences such that each vertical sequences are split exact. Since each a 1 
corresponds to a projective T 2 (i?)-module, we have that a : X — > T in Mor(Mod R) 
corresponds to a Cohen-Macaulay T 2 (i?)-module. 

(2) This is clear. □ 

We introduce subcategories of Mor c (CM R) to study CM T 2 (i?). 



5 This is independently obtained by Li and Zhang [LZ], See also [C]. 
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Definition 3.7. Let Mor°(CM P) be the stable category of Mor°(CM P). We de- 
note by Mor 10 (CMP) (resp., Mor n (CM R), Mor 01 (CMP)) the full subcategory of 
Mor°(CM R) consisting of objects corresponding to the objects of the form X — > 

(resp., T \T, P -)• T with P being projective) in Mor c (CM R). 
We have the following main result in this section. 

Theorem 3.8. Let R be an Iwanaga-Gorenstein ring. Then we have the following. 

(1) (Mor 01 (CM R), Mor 10 (CM R), Mor n (CM R)) is a triangle of recollements in 
Mor e (CMP). 

(2) There is a recollement 



Mor 10 (CMP) X Mor°(CMi?) 



X Mor c fCMP)/Mor 10 (CM R) 



such that the essential image Imji (resp., is Mor 01 (CM R) (resp., 

Mor n (CMP)J. 

(3) We have equivalences 

CM R ~ Mor 10 fCM R) ~ Mor n (CM R) ~ Mor 01 (CM R). 

Proof. It is clear that Hom^ ;rM ff) (Mor 01 (CM fl),Mor 10 (CM R)) = 0, 
Hom^frM B)fMor 10 (CM R), Mor n (CM R)) = and 

Hom^frM R)(Mor U (CM R), Mor 01 (CM R)) = 0. Given any object (a : X -> T) G 
Mor°(CM R), we have an exact sequence in Mor°(CM R): 







-> Keren 



4- 



Okc 



It 







-> 



Therefore we have the triangle Okctq — >• ct — > It — > SOxora in JV[or c (CMP). Let 
-> A" ->■ P -> El -> and ->• E _1 A" Q -s- X ->• be exact sequences 
in mod P such that P, Q are finitely generated projective and Y,~ 1 X, Y.X 6 CM P. 
Then we have morphisms of exact sequences: 







-> E^X 



-> 



-> 



-> 



-+ P 



-> 



lsx 



-> M 



-> EX 



-> 



- 

Since s -ix — £ _1 0x and l sx ^ Six in Mor°(CM P), we have the triangles 
ex — >• a — ► Ox — > Scr and lx — >• a — > t — >• Six in Mor c (CM P). It is easy to see that 
Mor 10 (CM R) is equivalent to CM P, then we have the statement by Propositions 
1.10 and 1.16. □ 
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4. Triangle equivalence between recollements 

We prove a triangle equivalence between CM T?(R) and (K°°' b / K b )(proj R). The 
rough sketch of the proof is the following. By Proposition 3.6, we show there is a tri- 
angle equivalence from Mor c (CM R) to (K°°' / K b )(proj R). We begin with building 
a functor F : Mor c (CM R) -> K°°' (proj R). Next we see that F induces a triangle 
functor F : Mor°(CM R) -> (K°°' / K b )(proj R). The point is that both domain and 
target categories have triangles of recollements and F_ sends one triangle of recolle- 
ments to the other. So if F_ restricts to an equivalence between some composing 
subcategories of these triangles of recollements, then F itself is an equivalence from 
Proposition 1.16. 

Let a : X a — > T a be an object of Mor c (CM R) and let F\ a and Fx a be acyclic 
complexes of finitely generated projective i?-modules such that H (r<oFx,,) = X a 
and H°(r<o-Pr a ) = T a . Make a complex F a as 

T<oF a = T< F Xa , T>iF a = T>iF Ta , d Fa = er a apx a 

where px a ■ F Xa — > X a (eT a '■ T a — > F^ ) is a natural surjective (resp. injective) 
map. 

Lemma 4.1. 1) For a morphism f G HoniMor°(CM R)( a i P)> there is a chain map 
Ff.F a -> Fp such that (H°(r<off), Tl 1 (T>iFf)) = f. 

2) For morphisms f G Hom Mor .( CM R ^ (a, (3) and g G Hom Mor e( CM R ^ 7), we may 
choose chain maps Ff, F g and F g f as F g f = F g Ff. 

3) An exact sequence in Mor c (CM R) induces an exact se- 

Ff F 

quence — > F a -4 Fp -4 F y — > by the choice of complexes and chain maps. 



Proof. 1) Since projective i?-modules are projective-injective objects in CM R, lin- 



ear maps fx '■ X a Xp and fx ■ T a 
plexes fx' : r< -F Q -> r< Fp and f T ' 
F f : F a -> Fp as 



-¥ Tp induce chain maps between com- 
T>\F a — > r>iFp respectively. Putting 

(i<0) 
(i > 1) ' 

we see F f is a chain map because d° Fp f x = {eTpPpx^fx = € T^{fxPx a ) = 
ZT p UTOL)px a = {fT e T a )ap Xa = frd Fa . 

2) It is obvious from the construction of Ff and F g as in 1). 

3) The given exact sequence implies a commutative diagram with exact rows in 
CMi?: 

fx v gx 











X a 



X 



X 



1$ Ta % T„ 











The upper row induces an exact sequence of projective resolutions 

-> T< F a -> T< Q Fp ->■ T< f 7 -> 0, 
and the lower row induces an exact sequence of projective coresolutions as well: 



-> T>xF a ->■ r>i.F> -> r>iF 7 -> 
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Thus we obtain a commutative diagram with exact rows in C(mod R) 



->■ T< F a 



T<oFf3 -> T<0-F 7 







-> 



3 



->■ r>iF Q -> r^Fp 
whose composite is the desired sequence. 



j_ 7 

T>iF 7 









□ 



Lemma 4.2. The operation F gives a full functor Mor c (CM R) — > K°°' b (prqj R). 

Proof. We shall see first that F a is uniquely determined as an object of K°°' b (proj R) 
by a, independent of the choice of Fx a and Fx a ■ Suppose other acyclic complexes 
of projective modules F x and F' Ta also have the property H° (T<oF Xa ) = X a and 
H (r<o-Fx a ) = ^a- Both r< n Fx a and r<o-Fx Q are projective resolutions of X a , 
hence are isomorphic in K~' b (proj R). Similarly T>iFr a and r>iF^ are isomorphic 
in K+' b (proj R). Therefore, in K°°' b (proj R), the complex F a is isomorphic to the 
complex F' a obtained from F' x and F^ as 

T< Q F' a = T< a F' x T>\F' a = T>iF!p d F < = ^T a ap' x 



P /0 



X a is the natural projection and e'r a ■ T a 



->■ F^ is the 



where // x 
natural inclusion. 

Next we see that / e Hom Mo r o (CMi?) determines F/ e Honi K oo,b(p ro j ij .)(F Q , 

F^). Suppose two chain maps 1^1 and if2 both satisfy H (T< <^i) = fx, H 1 (r>i( / 9 i ) = 
/t (i =1,2). Then r< </?i and r< </?2 (t>i<£i and r>i</? 2 ) are homotopic , hence 
so are tpi and if2- 

We have already seen that F is functorial from Lemma 4.1 1). 

We shall show that F is full. Let a and /3 be objects of Mor c (CM R) and let 
ip be a morphism from F Q to F^. Then /x = H (t<o<^) and fx = H 1 (r>n^) 
satisfy (3 fx = foot because £Tp{ftfx)px a — e Tf](foct)px a , Px a is surjective and 
tTfj is injective. Hence / = (fx,fo) is a morphism from a to (3 in Mor c (CM R). 
Obviously tp = Ff. □ 

Lemma 4.3. The functor F induces a functor 

F : Mor°(CM R) -> (K°°' b /K b )(proj i?). 

Proof. Let p be an object of Mor c (CM R). If F p is bounded, then both X p and T p 
have finite projective dimension hence are projective modules. If p is a projective 
object in Mor c (CM R), then X p and T p are projective modules hence F p is just 



given by F p ° = X p 



F 1 

p 



T r7° 



pandP^O (i^O, 1). 



□ 



For an object A and a morphism <^ in K°°' b (proj R), A and <p denote Q(A) and 
Q(y>) respectively where Q is the canonical quotient functor Q : K°° ,b (projF) — > 
(K°°' b /K b )(projfl). 
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Proposition 4.4. The functor F: Mor c (CM R) -> (K°°' b /K b )(proj R) is a triangle 
functor. 

Proof. First we show the existence of a functorial isomorphism i a : F^a — > SF Q for 
each object a of Mor°(CM R). Take an exact sequence 

-)■ a A q a ^T,a -> 

in the Frobenius category Mor°(CM R) such that q a is an injective object. Then it 
induces an exact sequence 

-> F a F -% F qa F ^ F Ect 

in C(mod i?). Let If q be the mapping cone of the identity map 1 : F a — >• F a . Then 
we have a commutative diagram with exact rows in C(mod R) 



-> F„ F„. 



-> F„ -> h 







which implies a triangle in K°°' b (proj R) 

F ^F - 



Since F Qa belongs to K b (proj R), i a is an isomorphism in (K°° ,b /K b )(proj R). More- 
over, ia is functorial. Let / : a — > /3 be a morphism in Mor°(CM _R). We have a 
commutative diagram with exact rows 



/3 



E/3 



0. 



where q a and are injective objects. Since F ep Ff = Ff q F ea , F 7T/3 Ff q — F^fF^^ in 
K°°' b (proj R), there is a morphism of triangles 
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Particularly, SF/i Q = ipF^f. 
Next, let 



^ o 9 h 

a ^> (3 7 ■=> Sa 



be a triangle in Mor c (CM _R). That is, we have an injective object g a such that 
there is a commutative diagram in Mor c (CM R) with exact rows: 

f 







The induced exact sequence 



[3 A 7 A Sa 



0. 



-)• F„ F„. 
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is completed as an diagram with exact rows in C(mod R): 







F v 



(4.5) 



-> F^ A £ A F Ect -> 
The bottom row induces a commutative diagram in CM R with exact rows 

^ X B 9 -4 X E h -4 X^ a -> 



-> Ts 



9^ 







where A is the canonical map between = Cokd^ 1 and Te = Kcrd E . Hence A 
belongs to Mor e (CM i?) and E = F x since ff(E) = for i ^ 0. We have c = F g > 
and n = Fh> with g' — (p'xjfl'r) an< ^ ^' = (ft'xj/i'r)- By the same argument in 
Lemma 4.2, there exists «/ £ HomcMfe, A) such that s = F w /. Thus we have a 
diagram with exact rows: 



-> /3 h A 
which shows 7 = A, g' = g and hi 

(4.5) implies a morphism between triangles in K°°' b (proj R): 



h' 



Sa -> 0. 



/i via this isomorphism. Hence E = F 7 and 



-> F, 



-> f Sq 



EF f 



-> Fv 



-> f Sq 



EF f 



-+ SF^ 

In (K°°' b /K b )(proj R), i_a_ is an isomorphism hence we get a triangle 



which implies a triangle 



Fg ■=> Fv -=> SF t 



EF f 



SF Q . 



Lemma 4.6. F/te functor F| Mor ii (CM m : Mor n (CMi?) 

gle equivalence. 



□ 

K°°' (proj R) is a trian- 



Proof. Define the functor H : CM R -> Mor^CM i?) by H(X) = (X X) for 
any object X G CM i?. Then is an triangle equivalence. Moreover, it is easy to 
see that the functorF| Mor ii( CM R )oH_: CM R — > K°°' (proj R) is also an equivalence. 
Therefore we have the statement. □ 



Lemma 4.7. Let R be an Iwanaga-Gorenstein ring. Then the functor F : 



Mor°(CM.R) -> K°°' D (proji?) sends a triangle (Mor ui (CM R), Mor iu (CM R), 
Mor n (CM R)) of recollements to a triangle ((K+' b / K b )(proj R), (K~' b / K b )(proj R), 
K°°' (proj R)) of recollements. 
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Theorem 4.8. Let R be an Iwanaga-Gorenstein ring. There is a triangle equiva- 
lence from Mor e (CM R) to (K°°' b / K b )(proj R). 

Proof. ^From Theorem 2.7 and Theorem 3.8, there are triangles of recollements 
(Mor 01 (CM R), Mor 10 (CM R), Mor n (CM R)) in Mor e (CM R) 

and ((K + ' b /K b )(proji?),(K-^ b /K b )(proji?),K oo ' (proji 1 , )) in (K°°' b / K b )(proj R). 
By Lemma 4.7, the functor F : Mor e (CM.R) ->■ (K°°' b / K b )(proj R) restricts to 
triangle functors £| ^,01 {CMR) : Mor 01 (CM i?) -> (K+' b / K b )(proj R), £|mo-io (cm r) ■ 
Mor 10 (CMi?) -> (fO b /K b )(proji?) and £|mo-ii ( cm r) : Mor n (CMi2) -> 
K°° ,0 (proj i?). And i^Mor^CM ft) i s an equivalence by Lemma 4.6. Then Proposition 
1.16 gives us the conclusion. □ 

The quasi-inverse of F is constructed in the following way. There is a recollemcnt 

k* h 

K°°' (proj R) ] k ' : K°°' b (proj R) J* {K°°' h / K°°< )(proj R) 

' k'- " l. 

With respect to two functors X = and T = k^k* , the adjunction arrows k*k ] — > 
1 K~ b ( pro j_R) and lK~ b (proji?) -> imply morphisms £l ■ X L -> L and ( L : L ^ 
Tl for each object L of K°° ,b . Put Al = Cl£l- We may assume Al° is surjective 
hence get a surjective map Z 1 Xl : Z 1 Xl — > Z 1 Tl where Z 1 Xl = Kerd^ and 
Z Y T L = Kerd^. Let f/s : L -> M be a morphism of (K°°' b / K b )(proj R) given 

by a diagram of morphisms L A V A M in K°°' b (proj R) with C(s) e K b (proji?). 
Since Xs and Ts are isomorphisms, {{Z Y X f){Z Y X s)- 1 , (Z X T f){Z Y T s)- 1 ) belongs 
to Hom Mor c( CM R )(Z 1 Xl, Z Am)- 

Proposition 4.9. The operation Z 1 \ induces a functor Z 1 X : (K°°' b / K b )(proj R) 
— > Mor°(CM R) which is the quasi-inverse functor of F. 

Proof. Let G be the quasi- inverse of F. Obviously F Z ^\ L is isomorphic to L 

in (K oc < b /K b )(proj.R) for every object L. Hence we have G(L) = G(F z i Xl ) = 
GF(Z 1 \ T ,) = Z X \ L . Similarly we have G{f/s) = ((Z 1 X f){Z l X s)" 1 , 

{Z 1 Tf)(Z 1 Ts)- 1 ) for a morphism L 4- V -4 M in Hom (K =o,b ; K b )(proj R) (L, M). □ 

5. HOMOTOPY CATEGORIES OF INFINITELY GENERATED MODULES 

In the case that a Iwanaga-Gorenstein ring R has a two-sided injective resolution, 
we study homotopy categories of infinitely generated projective modules and give 
the triangle equivalence analogous to one in Theorem 4.8. Also in this infinite case, 
the key is a triangle of recollements but is obtained by a quite different way from 
in the finite case. Namely we use the equivalence between K(Proj R) and K(lnj R) 
[IK], which gives us not only a projective version but also injective version of the 
result. Recall that we say that R has a two-sided injective resolution if there is 
an i?-bimodule complex V which is an injective resolution of R as right i?-modules 
and as left i?-modules. 

The main result of this section is the following. 

Theorem 5.1. Let R be an Iwanaga-Gorenstein ring with a finite two-sided injec- 
tive resolution. Then there is a triangle equivalence from LCM T9f.fi) to 
(K°°' b /K b )(Projfl). 
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Lemma 5.2. Let R be an Iwanaga-Gorenstein ring. If R has a two-sided injective 
resolution, then so does T2(i?). 

d° d 1 

Proof. We only prove the latter statement. If — > i? ^ V° — > V 1 — > • • • V n -> 
is a two-sided injective resolution, then 

is a two-sided injective resolution, where any ^ ^* ^ is an T 2 (i?)-bimodulc 

by the following actions 

( v li "12^ fab\ = ( v li a Wii6+t»i 2 c\ 
V («2i 1 >"2l) "22 / ^ 0c) \(u 2 ^ 1 a,v 21 a) v 21 b+v' 22 c J 

(ab\( v li v 'i2\ _( ofii+6" 2 i ofl 2 +6"M'\ 

" C VWl'^ll^j/ V ( CM 21 1 ' OT 2l) cv 22 ) 

{ ™^LAiA) e (v44<) ,(gg) errand 

is a differential with d J = ( ) V^ 1 © V* ->• V 4 © V m . □ 

Example 5.3. (1) A commutative ring obviously has a two-sided injective resolu- 
tion. 

(2) Let k be a commutative ring, A a /c-algebra which is projective as a fc-module. 
According to [Mi2], A has a two-sided injective resolution. 

Lemma 5.4. Let R be an Iwanaga-Gorenstein ring. If R has a two-sided injective 
resolution, then the following hold. 

(1) (K°°' (Proji?),K + ' b (Proji?)) is a stable t-structure in K°°' b (Proj R). 

(2) (K-' b (lnji?),K°°' (lnji?)) is a stable t-structure in K°°' b (lnj R). 

Proof. Let V be a two-sided injective resolution of R, then V is a dualizing complex. 
According to [IK] Theorem 4.2 and 4.8, G = - ® R V : K(Proj J R) -)■ K(lnjii) is a 
triangle equivalence. Also [IK] Theorem 2.7, Proposition 3.4, Proposition 5.9 and 
5.12 show that G restricts to equivalences 

K°°' b (Proj R) -> K°°' b (lnj R), K°°' (Proj R) -> K°°' (lnj i?), 

K+' b (Proj i?) -> K+' b (lnj R), K~' b (Proj R) -»• K~' b (lnj 

According to [IK] Corollary 5.5 and 5.12, K°°' (Proj i?) and K°° ,0 (lnj.R) coincide 
with the homotopy categories of totally acyclic complexes of projective modules 
and injective modules, respectively. Applying G, we obtain (1) from Proposition 
2.2 and (2) from Proposition 2.3. □ 

Proposition 5.5. The following hold. 

(1) LCMR= {Z°(X) | X 6 C(Proji?),rP(X) = (i e Z)}. 

(2) LGVLR ~ K°° ,0 (Proj R). 

Proof. By Lemma 5.4, this proof is similar to one of Lemma 3.1. □ 

Theorem 5.6. Let R be an Iwanaga-Gorenstein ring with a two-sided injective 
resolution, then the following hold. 
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(1) ((K + ^/K b )(Proji?),(K"' b /K b )(Proji?),K°° J (Proji?)) is a triangle of rec- 
ollements in (K°°< b / K b )(Proj R). 

(2) ((K + ^ b /K b )(lnji?),(K-' b /K b )(lnji?),K ocJ (ln J i?)) is a triangle of recolle- 
ments m (K°°' b / K b )(lnj R). 

(3) We have triangle equivalences 

(K+' b / K b )(Proj R) ~ (K~' b / K b )(Proj R) ~ K°°' (Proj R) ~ 

(K+' b /K b )(lnji?) ~ (K-' b /K b )(lnji?) ~ K°° ,0 (lnji2) 

Proof. (1)(2) It is immediate from Theorem 2.4 and Lemma 5.4. 

(3) We know the equivalence K°°' (Proj R) ~ K°°' (lnji?) from the proof of 
Lemma 5.4. Other equivalences are obtained by Proposition 1.2 (3). □ 

Once we get a triangle of recollements in (K°°' b / K b )(Proj R), the remaining part 
is just LCM-versions of the proevious results. 

Definition 5.7. (1) We denote by Mor e (LCM R) the full subcategory of 

Mor(Mod R) consisting of objects a : X — > T which is surjective and I,Te 
LCM R. 

(2) We denote by Mor 01 (LCM R) (reap., Mor 10 (LCM R), Mor 01 (LCM R)) the 
full subcategory of Mor°(LCM R) consisting of objects corresponding to the 

objects of the form X — > (resp., T -i> T, P — > T with P being projective) 
in Mor s (LCM R). 

(3) We denote by M or " 1 (LCM R) the full subcategory of Mor(Mod R) consisting 
of objects a : Z — >• X which is injective and Z, X, cok a G LCM R. 

Proposition 5.8. (1) The equivalence in Proposition 3.3 induces an equiva- 
lence 

Mor m (LCM R) ~ LCM T 2 (R). 
(2) a i-> cok a and a H> kera ^iue mutually quasi-inverse equivalences 

Mor m (LCM R) Mor c (LCM i?). 

Proof. By Lemmas 5.2 and 5.5, this proof is similar to one of Proposition 3.6. □ 

We also have the following LCM-version of Theorem 3.8. 

Theorem 5.9. Let R be an Iwanaga-Gorenstein ring with a two-sided injective 
resolution. Then we have the following. 

(1) (Mor 01 (LCM R), Mor 10 (LCM R), Mor n (LCM R)) is a triangle of recollements 
in Mor c (LCMfl). 

(2) There is a recollement 

i* 3\ 

Mor 10 (LCMi?) ]t. Mor c (LCM R) f Mor°(LCM i?)/Mor 10 (LCM R) 

i- 3* 

such that the essential image Imji (resp., Imj»J of the functor j\ (resp., 
j*) is Mor 01 (LCM R) (resp., Mor n (LCM R)). 

(3) We have equivalences 

LCUR ~ Mor 10 (LCM R) ~ Mor n fLCM R) ~ Mor 01 fLCMfi). 
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Proof. The same as the proof of Theorem 3.8. □ 

In the same way as in section 4, we have a functor F : Mor°(LCM R) — > 
K°°' b (Proj R), and a triangle functor F : Mor°(LCM R) ->■ (K°°> b /K b )(Proj R). 

Lemma 5.10. The functor F\ m u (LCM r) ■ Mor 11 (LCM R) -> K°°' (Proj R) is a 
triangle equivalence. 

Proof. By Lemma 5.5, this proof is similar to one of Lemma 4.6. □ 

Proof of Theorem 5.1. By Theorem 5.9, we have only to show that F_ is an triangle 
equivalence. It is easy to see that F_ sends a triangle 

(Mor 01 (LCM R), Mor 10 (LCM R), Mor n (LCM R)) 

of recollements to a triangle 

((K+' b / K b )(Proj R), (K"' b / K b )(Proj R), K°°< (Proj R)) 

of recollements. The equivalence F\ Mor ii (LCM R) : Mor 11 (LCM R) -> K°° ,0 (Proj R) in 
Lemma 5.10 yields the desired equivalence Mor c (LCM i?) ~ (K°°' b /K b )(Proj R) by 
Propositions 1.16. □ 

Corollary 5.11. Let R be an Iwanaga-Gorenstein ring, If R has a finite two- 
sided infective resolution, then there is a triangle equivalence from LCM T?(R) to 
( K °°. b /K b )(lnj J R). 

Proof. We have a triangle equivalence (K°°' b / K b )(Proj R) ~ (K°° ;b / K b ) (I nj R) by 
the proof of Lemma 5.4. So we get the conclusion by Theorem 5.1. □ 



6. Algebraic triangulated categories and triangles of recollement 

In this section, we see that results of previous sections also hold in any Frobenius 
category. 

Definition 6.1. Let J 7 be & Frobenius category with the additive subcategory V 
of projcctivc-injective objects. We denote by the full subcategory K°°^(T J ,J 7 ) of 
K(P) consisting of complexes X such that Z l (X) exists and -> Z l (X) -> X % -> 
Z t+1 (X) — >• is an exact sequence of T for any i e Z. And we denote by T_ the 
stable category of J 7 by V. 

Remark 6.2. For an exact category £ , Neeman defined the homotopy category 
A(£) of complexes X such that ->■ Z l (X) ->■ I* -> Z l+1 (X) ^ is an exact 
sequence of £ ([Nel]). He showed that A(£) is a full triangulated subcategory of 
K(£). Then the above K oo ' (7 :, , T) is a full triangulated subcategory of A(J 7 ). 

Proposition 6.3. Let T be a Frobenius category with the additive subcategory V 
of projective-injective objects. Then K°°^(P, F) is a triangulated category which is 
equivalent to T_. 

Proof. By the above remark, K OO ' ('P, F) is a full triangulated subcategory of K('P). 
By the same reason as Proposition 3.1, the functor Z a : K°°^(V,F) — > F_ is a 
triangulated equivalence. □ 
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Definition 6.4. Let J 7 be a Frobenius category with the additive subcategory P 
of projective-injective objects. We denote by the full subcategory K°° h (P, F) of 
K('P) consisting of complexes X satisfying T< m A = T< m Y~ and t>„A = t>„Y"' for 
some integers m < n and some complexes Y,Y' E K°°'®(P, F). Let K + ' b ("P, F) = 
K + (P) n K°° h (P,F) and K~' b (P, F) = K~(V) n K°° ,b ('P, F). 

Lemma 6.5. Let F be a Frobenius category with the additive subcategory P of 
projective-injective objects. Then the following hold. 

(1) A pair (K~' h (V, F), K 00,0 ^, F)) is a stable t-structure in K°°' b (:P, F). 

(2) A pair (K°° fi (P,F), K+' b (P, F)) is a stable t-structure in K°°' (P, F). 

Proof. Since Hom-p(B,Y) is acyclic for any BeP and Y E K 00,0 ^, F), it is easy 
to see that 

HoniK(p) (K-> b (P, F), K°°' (P, F)) = 0. 

For X E K°°' h (P, F), there are an integer n and a complex Y E K°°' (P, F) such 
that r>„X = t>„F. Then we have a morphism / : X — V Y such that /* = l x * for 
any i > n and a triangle in K°°' h (P,F): 

z -> x 4 y -> sz. 

It is easy to see that Z is isomorphic to some complex of K~' h (P, F) in K co ' h (P, F). 

□ 

We denote by (K*' b / K h ){T, F) the quotient category of K*' h (P, F) by K h (P). 

Theorem 6.6. Let F be a Frobenius category with the additive subcategory P of 
projective-injective objects. Then ((K + ' b / K h )(P, F), (K~' b / K h )(P, F), 
K OO ' ('P, F)) is a triangle of recollements in (K°°' b / K b )(P, F). In particular, we 
have triangle equivalences 

(K+* b / K h )(P, F) ~ (K~< b / K h )(P, F) ~ K°°^(P, F) 

Proof. As well as Proposition 2.1, it is easy to see that ((K + ' b / K h )(P, F), 
(K~' b / K h )(P, F)) is a stable t-structure. According to Lemma 6.5 and Proposition 
1.5, ((K-' b / K h )(P, F), K°°<V, F)) and (K°°< (7>, F), (K+' b / K b )(P, F)) are stable 
t-structures. □ 

Definition 6.7. Let J 7 be a Frobenius category with the subcategory P of 
projective-injective objects. We define the category Mor c (7 r ) (resp., Mor m (F)) as 
follows. 

• An object is an admissible epimorphism (resp., an admissible monomor- 
phism) a : X — > Y. 

• A morphism from a : X — > Y to (3 : X 1 — > Y' is a pair (/, g) of morphisms 
/ : X -> A' and 3 : T -> T such that #a = j3f. 

We denote by Proj(Mor (J")) (resp., Proj(Mor m (J"))) the full subcategory of M or (F) 
(resp., Mor m (J")) consisting objects X -> Y with X, Y E P, and denote by Mor e (J") 
(resp., Mor m (J")) the stable category of Mor c (J") (resp., Mor m CT)) by Mor e (J") 
(resp., Mor m (J-)). 

Proposition 6.8. Let F be a Frobenius category with the subcategory P of 
projective-injective objects. Then the following hold. 

(1) Mor c (F) is a Frobenius category, and Mor c (J r ) is a triangulated category. 
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(2) Mor m (J r ) is a Frobenius category, and Mor " 1 ^) is a triangulated category. 

(3) Mor c (J r ) is equivalent to Mor m (J 7 ) as a Frobenius category, and Mor c (F) is 
triangle equivalent to Mor " 1 ^). 

Proof. As well as Proposition 3.6. □ 

Theorem 6.9. Let J- be a Frobenius category with the subcategory V of projective- 
injective objects. Let Mor 10 (J r ) (resp., Mor 11 (J r ), Mor 01 (J 7 )j the full subcategory 
of Mor c (J r ) consisting of objects corresponding to the objects of the form X — > 
(reap., T \T, P with P e PJ. T/ien (Mor 10 (J") , Mor 1 1 ( J") , Mor 01 (J") ) is a 

triangle of recollements in Mor (J 7 ). 

Proof. Similar to the proof of Theorem 3.8. □ 

Theorem 6.10. Let J 7 be a Frobenius category with the additive subcategory V of 
projective-injective objects. Then Mor c (J r ) is triangle equivalent to 
{K°°' h /K h ){V, F). 

Proof. For a : X — > Y G Mor c (J r ) we can construct a complex F a as the same 
construction in Section 4, and then a functor F : Mor°(J") (K°°' b / K b )(7>, J"). 
Moreover, it is easy to see that £ sends a triangle ( Mor 10 (J"), Mor 11 ^), Mor 01 (J - )) 
of recollements to a triangle ((fO b / K h )(P, F), K°°' (P, J"), (K+' b / K b )(P, T)) of 
recollements. As well as Lemma 4.6, f Imoi-'-'-CH : 

is a 

triangle equivalence. By Proposition 1.16, we have the conclusion. □ 

Example 6.11. Let A be an abelian category, and let V be its additive full sub- 
category satisfying that F,xt\(X,Y) = for any X, Y e V . A complex A 6 
K('P) is called totally acyclic if Home(_B,A) and Honig(A, B) are both acyclic 
for any B e "P. Let be the full subcategory of A consisting objects which 

are isomorphic to the 0-cycle Z°(A) of some totally acyclic complex X e K('P). 
Then Q(V) is a Frobenius category with the additive subcategory V of projective- 
injective objects. Therefore (K°°' b / K h )(V, G(P)) has a triangle of recollements. 
In particular, for a commutative noetherian ring R with a dualizing complex, 
K°°' b (Proj R ,Q(Pm] R)) is called the symmetric Auslander category, a triangle of 
recollements in (K°°' b / K b )(Proj R, ^(Proj R)) arc studied in [JK]. 

Example 6.12. Let k be a field, and let A be the fc-algebra defined by the following 
quiver with relations: 




with a/?7 = f3ja — jaf3 — 0. Let F be the additive subcategory of mod A generated 
by finitely generated projective right ^4-modules, e\A/e\JA and e-^A/ Soc(e2A), 
where J a is the Jacobson radical right A-modules, where J a is the Jacobson radical 
and ej is the idempotent corresponding a vertex i. Then J 7 is a Frobenius category 
with the subcategory proj A of finitely generated projective-injective ^4-modules. 
Then we have the following equivalences 

(K + ' b /K b )(proj,4, F) ~ (K~ ,b / K b )(proj A, F) ~ K 00,0 (proj A, T) ~ modE, 

(K°°- b / K b )(proi A. F) ~ mod T 2 QB). 
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where B is the algebra defined by the following quiver with relations: 



5 




a 



with ad = 5a = 0. On the other hand, we have 

(K+' b / K b )(proj A, mod A) ~ (fO b / K b )(proj A, mod A) ~ K°°' (proj A, mod A) 

~ rnocL4, 

(K°°' b / K b )(proj A, mod A) ~ mod T 2 (A). 
Thus the category K°° ,b ('P, J 7 ) depends not only on V but also on T. 
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